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Abstract. Real analytic functions on the boundary of the sphere which have separate 
holomorphic extension along the complex lines through a boundary point have holomor- 
phic extension to the ball. This was proved in [5] by an argument of CR geometry. We give 
here an elementary proof based on the expansion in holomorphic and antiholomorphic 
powers. 



In my note [2j I stated a general principle of holomorphic extension from a convex 
boundary of C n for functions which have separate holomorphic extension along generic 
(2n — 2)-parameter families of discs. In particular, the discs which pass through a fixed 
boundary point. The conclusion seems to be natural in the framework of CR geometry but 
less in the classical literature of harmonic analysis. Also, it is in contrast with the case in 
which the "center" of the system of discs is an interior point of the ball: a single point does 
not suffice. For this reason, I want to supply here a direct proof which only uses Taylor 
expansions: moment condition forces coefficients of the antiholomorphic powers to vanish. 
The technique is specific of the sphere. General convex domains are out of reach unless 
one brings into play, as I do in [2J, the extraordinary strength of the Riemann-Lempert 
Theorem (cf. [4] and |3j). This makes equivalent the family of discs by a point of a convex 
domain to the lines by a point of the ball. 

Let B n be the ball in C n , <9B n the sphere, z a a point in <9B™, and C w the real analytic 



Theorem 1.1. Let f be a function in C UJ (dM n ) and suppose that f extends from dM n 
along each line passing through z D . Then f extends holomorphically to B™. 

Proof, (a) We first prove the result for B 2 in C 2 . It is not restrictive that z Q is the pole 
(0, 1). The straight discs through (0, 1) can be parametrized over a G C as the sets D a 
described by 



Note that when \a\ >> 1 the disc D a becomes very close to the complex tangent line to 
the sphere at the point z Q , and moreover D a lies in a neighborhood of z Q . 



1. Main result - Statement and proof 



functions. 
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Since / G C"^(5B 2 ), and B Z2 is transverse to <9B 2 at z a , f can be extended in a neigh- 
borhood of z Q holomorphically in z 2 . We denote again by / this extension. We consider 
the power series development of / at z Q 

+00 

f(z 1 ,Z 1 ,Z 2 ) = Yl h KKraZ\z\z^ 

1=0 h+k+2m=l 

note that we reordered the terms in a weighted degree (giving weight 2 to z 2 ). Taking |o| 
sufficiently big we consider the N- momentum on the disc D a : 

(1.1) G(a,N) = [ r N f(D a (r))dr 

JdA 

We want to prove that bh,k,m — whenever k > 0. To this end, let l be the lowest 
weighted degree such that bh,k,m 7^ for some k > and let k Q be the highest degree in 
Z\ for which this happens. We get G(a, N) = for any N and any a, in particular, for ta 
with \a\ — 1 and t — > +00. Consider the limit 

(1.3) 



-00 



lim G(ta, N)t l ° = lim V V 2ni(-l) k+h+N - 1 x 

': — *-(-no / — *+no < ^ < ^ 



l=l a h+k+2m=l,k>N 



k-N-lJ \t 2 1 ' y / (j* + |a 
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= E (M<-i)^-'(j^1)W^=o, 

h+k+2m=l ,k>N 
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where we have used the fact that / flA r Ar (r-l) ft (f-l) fc (T-l) m dr = / aA (-l) fc r ~^Co + "' rfr = 
^^A+m+JV+ig+fe+m^ NoW) c hoosing TV = & - 1, we get the following relation on the 
coefficients fe's: 

£ (-l)^ +fco + \° + m ) ^, m a^ +m = 0. 

Writing a = e ld , we get 

£ (-l) ft+m+feo ^ + \° + m )We^-^ = 0, 

which implies bh t k ,m = for h + k Q + 2m = l . Therefore, when k > 1, we have b^m = 
for any weighted degree /. This concludes the proof in dimension 2. 



h+k 
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(b) We pass to the ball B n of general dimension. We still suppose that z Q is the pole 
(0, 1). By (a) we know that / extends holomorphically along the slices of B n with the 
2-dimensional planes through and z . The different extensions glue to a single, well 
defined, function on B n because, on the complex line L through and z Q where they all 
overlap, they have to coincide by the Caucly formula over L D dM n . Also, by Cauchy- 
Kowalevski Theorem, / extends to a neighborhood of z a in B n as a holomorphic function 
of z n . This must coincide with the extension along the slices but it is, in addition, C u . 
In any of these slices / is holomorphic in radial directions and therefore, by Forelli's 
Theorem (cf. for instance [5J), it is holomorphic. Since it is also holomorphic in z n , then 
it is holomorphic in a neighborhood of z in B™. By real analyticity, the holomorphicity of 
the extension propagates from a neighborhood of z Q to a neighborhood of the whole dM n . 
Finally, by Hartogs' Theorem, / is in fact holomorphic in the whole B n . 

□ 
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